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What is the Problem...?

> Consider an investor who has the possibility of investing in
n different risky assets

X = (X1, X2,...,Xy)

» The investor has to allocate his budget C to the different
risks. Without loss of generality C = 1

» The investor has many alternatives to invest given by

n
W = (w1, ws,...,Wn), E wi=1, w;>0,i=1,...,n,
i=1

where w; is the weight (budget proportion) assigned to the
risk X;.
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What is the Problem...?
» The portfolio is the random variable
Pw =) wX;
i=1

> Given
X = (Xl,XQ,---,Xn)

How does the investor find the best portfolio...?

> Some answers will be given in this talk
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What is the Problem...?

» Assume that an investor cares only about the mean and
variance of portfolio.

> A simple case of two risks

2
01

X = (X3, X2) such that E(X) = (u1,u2) and X = ( o
12
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/)



iBruta la cartera!: técnicas estadisticas y probabilisticas para encontrarla

- Introduction a Fast Review

What is the Problem...?

» Assume that an investor cares only about the mean and
variance of portfolio.

> A simple case of two risks

2
X = (X1, X>) such that E(X) = (11, 42) and Z:( o1 012 )

2
g12 02

> Let w = (w1, w2) be the vector of portfolio weights. Clearly
the portfolio is

Pw = w1 X1 +weXo =wX; + (1 —w)Xg, 0<w<1.
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What is the Problem...?

» Assume that an investor cares only about the mean and
variance of portfolio.

> A simple case of two risks

2
X = (X1, X>) such that E(X) = (11, 42) and Z:( o1 012 )

2
g12 02

> Let w = (w1, w2) be the vector of portfolio weights. Clearly
the portfolio is

Pw = w1 X1 +weXo =wX; + (1 —w)XQ, 0<w<1.

> | E(Pw) = wp + (1 —w)po

VAR(Py) = w?0? + (1 — w)?02 + 2w(1 — w)oyy
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Let X = (X1, X») such that
=05, pp =03, 02=4, 02=1, 015 = 1. , then

Pw :LUXl + (1 —w)Xg = Xl
EPw)=wpr + (1 —w)pu2 =0.5
VAR(Pw) = w?0? + (1 — w)?02 4+ 2w(l — w)op = 4

E(Pw)

VAR(Py)
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Let X = (X1, X») such that
=05, pp =03, 02=4, 02=1, 015 = 1. , then

Pw :LUXl + (1 —w)Xg = Xl
EPw)=wpr + (1 —w)pu2 =0.5
VAR(Pw) = w?0? + (1 — w)?02 4+ 2w(l — w)op = 4

*p

E(Py) !

VAR(Py)
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What is the Problem...?

Let X = (X1, X») such that
=05, pp =03, 02=4, 02=1, 015 = 1. , then

Pw = LUXl + (1 —w)Xg = XQ
EPw)=wpr + (1 —w)pu2 =0.3
VAR(Pw) = w?0? + (1 — w)?02 4+ 2w(l — w)ois = 1

*p

1
E(Pw) *7)0

VAR(Py)
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What is the Problem...?

Let X = (X1, X») such that
p1 =05, up =03, 0?2 =4, 053 =1, o12=1.|lfw =05, then

Pw = (.Xm + (1 — w)XQ = 05X1 + 05X2
E(Pw)=wpr + (1 —w)us =0.75
VAR(Pw) = w?0? + (1 — w)?05 4 2w(1 — w)oia = 0.87

*p
E(Pw) *p 05

VAR(Py)
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Figure: Mean-Variance for Different w Values.
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Efficient Frontier
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Figure: Feasible Portfolios

The set of couples risk-return that cannot be improved at the same
time is called Efficient Frontier. Markowitz (1952)
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Efficient Frontier
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Figure: Efficient Portfolios

The set of couples risk-return that cannot be improved at the same
time is called Efficient Frontier. Markowitz (1952)
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Efficient Frontier

Portfolio Mean

0.8

0.6

0.4

0.2

3

Figure: Best Portfolio

E(P.)

S= VAR(P.)

x 10
| Best 4
Portfolio

L o o i

o (o}
> <

| o |
Oo o

|- =4 -

Seae ©o
L p i
o
o 0.2 0.4 0.6 0.8 1 1.2 1.4
Portfolio Variance 10+



iBruta la cartera!: técnicas estadisticas y probabilisticas para encontrarla

- Introduction a Fast Review

Portfolio Problem

> Consider the random vector X = (X1, X5, .

Portfolio Random Variable

Pw = i w; X
=1

.., X,) and the
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Portfolio Problem

> Consider the random vector X = (X1, X»,..., X,,) and the
Portfolio Random Variable

Pw = i w;i X
i=1

> Let i be his/her subjective utility function. Assume that
' > 0and " < 0. Increasing and Concave



iBruta la cartera!: técnicas estadisticas y probabilisticas para encontrarla

- Introduction a Fast Review

Portfolio Problem

> Consider the random vector X = (X1, X»,..., X,,) and the
Portfolio Random Variable

Pw = i wiXi
i=1

> Let i be his/her subjective utility function. Assume that
' > 0and U” < 0. Increasing and Concave

» The portfolio problem in this case is given by

max EU(Py) s.t Zwi =1.
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Markowitz (1952)

An investor who cares only about the mean and variance should
hold a portfolio on the efficient frontier.
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Minimum- Variance Portfolio

Markowitz (1952)

An investor who cares only about the mean and variance should
hold a portfolio on the efficient frontier.

Given the mean-value the best portfolio is the solution to the
optimization problem.

min w'Xw
w

st. E(Pw)=1p

iwi =1
=1
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I—Solution Under Optimization

Minimum- Variance Portfolio

Markowitz (1952)
An investor who cares only about the mean and variance should
hold a portfolio on the efficient frontier.

Given the mean-value the best portfolio is the solution to the
optimization problem.
min w'Xw

st. E(Pw)=1p
Zwi =1
=1

If you have data you can use estimators for X and F(X;).
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Maximum-Mean Portfolio

Following Markowitz Model (1952) this portfolio also will be on
the efficient frontier. Therefore, given the variance, the best
portfolio is the solution to the optimization problem
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I—Solution Under Optimization

Maximum-Mean Portfolio

Following Markowitz Model (1952) this portfolio also will be on
the efficient frontier. Therefore, given the variance, the best
portfolio is the solution to the optimization problem

min E(Pyw)

st. wiw=o0
n
Zwi =1
i=1

If you have data you can use estimators for X and F(X;).
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Mean-Variance Portfolio
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Figure: Best Portfolio

min w'Xw — lE(”PW)

w «

n
st ) w;=1. «aisthe risk-aversion parameter
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Traditional MLE for X
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Figure: Mean-variance portfolio weights. DeMiguel and Nogales(2009)
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Non-parametric estimation for X

Pearson correlation coefficient
The Pearson correlation matrix is related to the covariance
matrix by

D) = C(i,J) ]
pp(is J) N )] (1)

Our methodology basically (Otalora and Laniado 2019) changes
in (1) the Pearson correlation coefficient p,(i, j) by a non
parametric correlation coefficient as:
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Non-parametric estimation for X

Pearson correlation coefficient
The Pearson correlation matrix is related to the covariance
matrix by

D) = C(i,J) ]
pp(is J) N )] (1)

Our methodology basically (Otalora and Laniado 2019) changes
in (1) the Pearson correlation coefficient p,(i, j) by a non
parametric correlation coefficient as:

> Kendall p (i, )
> Spearman p;(i,j)
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L Non parametric estimation of

Non-parametric estimation for X

Pearson correlation coefficient
The Pearson correlation matrix is related to the covariance
matrix by

D) = C(i,J) ]
pp(is J) N )] (1)

Our methodology basically (Otalora and Laniado 2019) changes
in (1) the Pearson correlation coefficient p,(i, j) by a non
parametric correlation coefficient as:

> Kendall p (i, 5)
» Spearman p,(i, j)
> Robust version p,.(i, j)
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Kendall
pi(i,j) = %
Spearman
ps(is j) = _%
Robust version
pr(iy j) = C?;El)c])(w)

where,

Cr(i,7) = median {(z; — median(z;))(z; — median(x;))}
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Non-parametric estimation for X
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Figure: pp =081, pr=ps=pr=1
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Non-parametric estimation for X

—4 -2 o 2 4 6 8 10 12

Figure: p, = 0.86, pr = 0.15, ps =0.23, p, = 0.005
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Non-parametric estimation for =
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Figure: pp = 0.61, px =0.77, ps =0.89, p, =0.83
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Non-parametric estimation for =

Figure: pp = 0.94, pr =0.85, ps =0.93, p, =0.92
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Application to real data

Table: Portfolios notation in this work

Criteria Pearson Covariance Kendall Covariance
Portfolio notation P, Py,

Criteria Spearman Covariance | Robust Covariance
Portfolio notation P, P,

Table: Portfolios notation for comparisons

T

Equally-weighted Portfolio

MEAN

Mean-variance portfolio with shortsales constrained

MEANU

Mean-Variance portfolio with shortsales unconstrained

MIN

Minimum-Variance portfolio with shortsales constrained

MINU

Minimum-Variance portfolio with shortsales unconstrained
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L Non parametric estimation of

Results

Test proposed by Memmel (2003). %-rule is a good benchmark DeMiguel et al. (2009b)

Table: Portfolio Sharpe ratios

Strategy 5Spain 6Spain 10Spain 25Spain 40Spain 48Ind 8Indexes

in this work
Py, 0.7218 0.5333 0.5498 0.5006 0.3700 0.2929 0.1070
(0.6948) (0.1315) (0.0418) (0.0314) (0.0956) (0.0965) (0.3158)
Py 0.7478 0.5279 0.5989 0.5056 0.4044 0.2789 0.1003
(0.6084) (0.1399) (0.0378) (0.0854) (0.0179) (0.5170) (0.4829)
P, 0.7196 0.4391 0.4438 0.4558 0.3564 0.2793 0.0896
(0.6466) (0.0519) (0.2303) (0.0978) (0.0819) (0.3309) (0.8759)

for comparison
1/n 0.6997 0.3753 0.3815 0.3791 0.2955 0.2719 0.0883
MEAN 0.4132 0.0804 0.1075 0.2213 —0.1400 0.2296 0.0555
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Risk Inverse Weighting Analysis PIR

Puerta and Laniado (2010)
Let X = (X3,...,X,,) be arisky assets vector.

n
p(Xi)
Pw = E wiX;, wi= =
=1 i

p is a univariate positive risk measure.
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Risk Inverse Weighting Analysis PIR

Puerta and Laniado (2010)
Let X = (X4,...,X,) be arisky assets vector.

n
Pw = E wiXi, wi=m 1
i=1 ;

p is a univariate positive risk measure.
Less Weight to Higher Risk
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Risk Inverse Weighting Analysis and Joint Information

Fernandez and Laniado (2019)

Let {X;, X5, ..., Xy} be random variables representing the
profitability of N assets. The strategy based on margin risk and
joint correlation assigns to each asset a weight given by:

k—pi*
o,
W; = -

N kiijk) i:172) .,N,k€Z+,AE{P,K,S}
Zj:l G
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No Transaction Costs Transaction Costs = 50 bp
Strategy (7% p-val Xp pval  As s );p p-val As
1N 0.002372  1.00 0.241662 1.00 0 0.000672  0.236475  1.00 0
Panel A: Portfolio Strategies Developed in this P‘\ per
PHS 0.002216  0.98 0.249997 0.04 -727  0.009839 2 0.61 -9887
PHK 0.002224  0.88  0.248464 0.06 -669  0.007922 0.65 -9887
PHP 0.002218  0.82  0.250121 0.03  -424  0.009458 0.57 -0887
Panel B: Portfolio Strategies from Existing Literature
MINU 0.001914 0.82  0.195664 042 -1914 0.874642 0.00 -10240
MINC 0.001392  0.80 0.276706 0.33 -1896  0.063125 0.78 -9915
MEANU 0.002117 0.88 0.085455 0.64 -1896 62.442383 0.00 -9958
MEANC 0.034486  0.04 0.08 -1841 0.161824 0.03  3.44x101
MINULW  0.001457  0.50 0.86  -1904  0.373965 0.00  -10027
MINCLW ~ 0.001399 0.84 0.281246 0.26 -1894 0.064516 0.85 -9914
MEANULW  0.002155 1.00 0.110554 0.59 -1896  6.151771 0.00 -9957

MEANCLW  0.013333 0.16 0.

2505 0.08 -1872  0.157479 0091344 0.00  2.50x10°

Figure: Results for 48 Industry data set
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I—Solution and Comparison of Portfolios under Stochastic Orders

Portfolio Problem

» Consider the random vector X = (X1, X5, ..., X,,) and the
Portfolio Random Variable

Pw = zn: wlelv
i=1

> Let i be his/her subjective utility function. Assume that
' > 0and " < 0. Increasing and Concave

» The portfolio problem in this case is given by

n

max FEil(Py) s.t. Zwi =1.
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I—Solution and Comparison of Portfolios under Stochastic Orders

Portfolio Problem
max EU (Pw) s.t. zn:wi =1 2)
=1

Hadar and Russel (1971)

Investigated the problem (2) for iid random variables in the
bivariate case. They showed that the solution to the problem (2)
is the L-rule
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Portfolio Problem
max EU (Pw) s.t. zn:wi =1 2)
=1

Hadar and Russel (1971)

Investigated the problem (2) for iid random variables in the
bivariate case. They showed that the solution to the problem (2)
is the L-rule

Ma (2000)
Showed that if (X7, X5, ..., X,,) are exchangeable . Then the
solution of (2) is the L-rule.

PL =P

1
w n
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I—Solution and Comparison of Portfolios under Stochastic Orders

Portfolio Problem
max EU (Py) s.t. Zwi =1.

Pellerey and Semeraro (2005)
They considered X = (X3, X5), S=X; + Xoand D = X, — X;.
They showed that if (S, D) is PQD and E(X,) < E(X;), then

EU[(1 - a)X; + aXa]

is decreasing in o € [, 1].
The solution to the problem (3) is the %-rule

PL =P

D=
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I—Solution and Comparison of Portfolios under Stochastic Orders

Portfolio Problem

Laniado et al. (2012)
Consider X = (X3, X,) and assume that there is a vector
u= (ul,u2) with || u ||= 1. If

U U X .
(=) (3 )is rpap and wrpen) - wen) <o

) 2
E U (g (u1 + ug — 2uger) X1 + g (2uier — w1 + u2) X2>‘|

is decreasing in o € [$,1].
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Portfolio Problem

Laniado et al. (2012)
Consider X = (X3, X,) and assume that there is a vector
u= (ul,u2) with || u ||= 1. If

U U X .
(=) (3 )is rpap and wrpen) - wen) <o

) 2
E U (g (u1 + ug — 2uger) X1 + g (2uier — w1 + u2) X2>‘|

is decreasing in o € [$,1].

3 3
Pr = §u1X1 + gmm
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Elliptical Distributions

Definition
The random vector X = (X3,..., X,,)’ is said to have an elliptical
distribution with parameters ;. and X if its characteristic function

can be expressed as
Elexp(it' X )] = exp(it'u)e (t'St), t= (t1,...,tn), (4)

for some function ¢, and if X is such that X = AA’ for some
matrix A(n x m).
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Elliptical Distributions
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Figure: 5 Industry data set
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Property

Laniado et al. (2012)
Let X = (X1, X») be a random vector elliptically distributed with
parameters ;. = 0 and Xx. Then there exists a rotation matrix

such that RX is exchangeable.
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I—Solution and Comparison of Portfolios under Stochastic Orders

Property

Laniado et al. (2012)

Let X = (X1, X») be a random vector elliptically distributed with
parameters ;. = 0 and Xx. Then there exists a rotation matrix
such that RX is exchangeable.

V2 ( Q11 + 921 g21 — Q11 )

2 \qui—¢1 qi+aen

Yx =QDQ" and Q = (gi;)
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Elliptical Distribution
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I—Solution and Comparison of Portfolios under Stochastic Orders

Rotated Elliptical Distribution

RX
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I—Solution and Comparison of Portfolios under Stochastic Orders

Theorem 3.A.35. Shaked and Shanthikumar (2007)

Let X1,..., X,, be exchangeable random variables. Let
a=(a1,...,a,) and b = (by,...,b,) such that a < b, then

i @i Xi Zco i bi X
=1 1=1

Laniado et al. (2012)
Let X = (X1, X5)’ be elliptically distributed such that £X = 0 and
let a = (a1,a2)" and b = (b4, b2)" be two vectors of constants. If
a < b, then
a’RX >., bRX.
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Theorem 3.A.35. Shaked and Shanthikumar (2007)

Let X1,..., X,, be exchangeable random variables. Let
a=(a1,...,a,) and b = (by,...,b,) such that a < b, then

i @i Xi Zco i bi X
i=1 i=1

Laniado et al. (2012)

Let X = (X1, X5)’ be elliptically distributed such that £X = 0 and
let a = (a1,a2)" and b = (b4, b2)" be two vectors of constants. If
a < b, then

a’RX >., bRX.

For any concave function f

Ef (a'RX) > Ef (b'RX).
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Let X1,..., X,, be exchangeable random variables. Let
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i a; X 2o i b X;
i=1 i=1
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Let X = (X1, X5)’ be elliptically distributed such that EX = 0 and
let a = (a1,a2)" and b = (b4, b2)" be two vectors of constants. If
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For any concave function f
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In particular for an utility function U
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Property for multivariate elliptical distribution

Laniado et al. (2012)

Let X = (X4,...,X,) be arandom vector elliptically distributed
with parameters yx = 0 and Xx is such that it has at least n — 1
equal eigenvalues givenby \; > Ay =--- =), =X > 0. Then
there exists a rotation matrix R such that RX has exchangeable
components.
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Property for multivariate elliptical distribution

Laniado et al. (2012)

Let X = (X4,...,X,) be arandom vector elliptically distributed
with parameters yx = 0 and Xx is such that it has at least n — 1

equal eigenvalues givenby \; > Ay =--- =), =X > 0. Then
there exists a rotation matrix R such that RX has exchangeable
components.

Ifa=(ai,...,a,) is majorized by b = (b,...,b,)’, then
a'RX >., b'RX
For any concave function f
EU (a'RX) > EU (b'RX).

In particular for an utility function U
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>
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>

A fast review of different approaches to face the portfolio
selection problem

Non parametric estimation of the covariance matrix were
discussed

Some new methodologies and easy of implementing, where
optimization method is not used, which they have
advantages on the 1.

If the random variables represents risky assets, we look for
rotations of the distribution such that, the rotated
distribution satisfies conditions already studied in the
literature allowing to find one portfolio that maximizes an
utility function.

For elliptical distributions is possible to find a rotation
where the rotated distribution has exchangeable
components so we can find what linear combinations of the
random variables improve an utility function.

An non parametric estimation of covariance was introduced.
It works well (Sharpe ratio) in the not normality assumption
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