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The origin of the problem
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Longitudinal Data set Plot
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Objectives

General objective

To build a complete calibration function from subject-specific
change points that were estimated using a linear mixed model
approach.
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Linear regression model

Simple linear regression model

Yi = α + βXi + εi , (1)

with εi ∼ N
(
0, σ2

)
.

β̂ =

∑n
i=1

(
Xi − X̄

) (
Yi − Ȳ

)∑n
i=1

(
Xi − X̄

)2
(2)

α̂ = Ȳ − β̂X̄ (3)

It is well known that the α̂ and β̂ are Gauss-Markov minimum
variance unbiased estimators (Rao(1973),Berkson(1969)).
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Calibration problem

Inverse simple regression model

Xi =
Yi − α
β

+ ηi , (4)

where ηi ∼ N
(

0, σ
2

β2

)
For example, if time is the explanatory variable of interest then t̂
must be estimated, and we want to predict it as precise as possible
BUT...
Under a longitudinal setting.
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Calibration problem

The suggested estimators are:

Classic Inverse 1

X̂c = Y−α̂
β̂

X̂I = γ̂ + δ̂Y

IMSE2 Practically Unbiased

X̂M = λ̂0 + λ̂Y

λ̂0 and λ̂ minimize the
IMSE (XM)

X̂u = X̄ + Y−Ȳ[
β̂+ σ̂2

β̂2+
∑

(Xi−X̄)2

]

1Krutchkoff, R.(1969)
2Brown, G.(1979),Naszódi, L. J.(1978)
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CP: Using Linear Models

For a single change point and using SLRM 3, the model is
expressed as:

yi =

{
β10 + β11xi + ε1i , i = 1, . . . , s , ε1i ∼ N

(
0, σ2

1

)
β20 + β21xi + ε2i , i = s + 1, . . . n , ε2i ∼ N

(
0, σ2

2

) .

(5)

3Hofrichter(2007), Hinich & Farley (1970)
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BUT...

Estimates can only be fitted with the standard IWLS method
if the change point is known, Hofrichter (2007).

If the change point is unknown there is not an analytical
solution available to estimate xs = τ .

To avoid a suboptimal value for τ an iterative procedure must
be executed.

A more extensive literature review on this problem can be seen at
Garcia,E. Correa,J. & Salazar,J. (2017)

Conferencia: Avances Seminario Institucional UN



 

Introduction
Problem statement

Objectives
Background

Parametric approach
Conclusions & Commitments

Bibliography

Linear regression model
Calibration problem
Change point estimation
Linear mixed models
Change point and Linear Mixed Models

Linear Mixed Models

The model given in (1), can be extended under some conditions as
follow:

Yi = Xiβ︸︷︷︸+ Zibi + εi︸ ︷︷ ︸
Fixed Random

bi ∼ N (0,D)
εi ∼ N (0,Σi )
εi and bi are independent.

(6)
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CP: Using Linear Mixed Models

Lai & Albert (2014) suggested the change point for fixed effects
models can be found by partitioning the information about the
subjects in two blocks, so that B1 = {tij : tij ≤ τ} and
B2 = {tij : tij > τ} as

Yij =
2∑

k=1

XijβBk
I (tij ∈ Bk) + Zijbi + eij (7)

and in case of a fixed effects and random effects model we have,

Yij =
2∑

k=1

XijβBk
I (tij ∈ Bk) + bi,0 +

2∑
k=1

bi,Bk I (tij ∈ Bk) + eij (8)

They proposed a test the fixed effect given the blocks built.
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The model to consider

yij = (β1xij + β2tij) 1 (tij ≤ τi ) + (β1xij + β2τi ) 1 (t > τi )

+b00i + b01i1 (tij ≤ τi ) + b02i1 (tij > τi ) + eij

= β1xij + β2 {tij1 (tij ≤ τi ) + τi1 (tij > τi )}
+b00i + b01i1 (tij ≤ τi ) + b02i1 (tij > τi ) + eij

Conferencia: Avances Seminario Institucional UN



 

Introduction
Problem statement

Objectives
Background

Parametric approach
Conclusions & Commitments

Bibliography

Without loss of generality, but magnifying the importance of this
we will take:

Xi (τi ) = Xi

And our objective function is to maximize the ML, which should be
written as:

` (θ)ML = −1

2

N∑
i=1

log |Σi | −
1

2

{
N∑
i=1

1

2
(Yi − Xiβ)′Σ−1

i (Yi − Xiβ)

}
(9)

Or REML

` (θ)REML = − 1
2

∑N
i=1 log |Σi | − 1

2

{∑N
i=1

1
2

(Yi − Xiβ)′Σ−1
i (Yi − Xiβ)

}
− 1

2
log
∣∣∣∑N

i=1 X
′
i Σ
−1
i Xi

∣∣∣
(10)
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Simulation Results

Change points using DEA for a LMM
n = 25, ni = 14

Fixed effects values xi

1 2 3 4 5

id 50mm 40mm 30mm 25mm 20mm

1 65.171 56.210 49.342 47.046 40.448
2 65.359 57.573 48.738 44.213 42.088
3 67.417 60.824 47.427 47.488 37.969
4 65.148 58.623 48.109 48.139 41.413
5 65.223 60.328 47.076 48.597 42.235

τ 65 57 49 45 41
¯̂
iτ 65.6636 58.7116 48.1384 47.0966 40.83

Sτ̂i 0.9836 1.9129 0.9279 1.7181 1.7484
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Change point for the real data set

Change points using EA for a LMM n = 100, ni = 14
Fixed effects values Thickness

id 50mm 40mm 30mm 25mm 20mm
1 46.493 39.055 26.763 21.515 16.699
2 41.979 35.315 27.271 20.365 16.382
3 43.871 32.047 27.904 28.515 20.715
4 45.210 35.042 28.578 25.647 15.512
5 40.508 32.608 27.016 22.924 21.096
6 41.826 33.479 27.835 25.464 23.310
7 45.576 31.917 26.739 21.836 18.351
8 44.247 37.215 31.769 20.526 15.010
9 40.318 30.310 30.394 22.584 24.067

10 41.946 31.141 27.243 23.763 24.099
11 48.875 31.757 32.623 20.091 19.911
12 42.569 32.937 29.566 21.613 18.726
13 44.158 33.631 34.190 27.331 15.682
14 44.637 36.064 29.115 23.851 19.684
15 41.280 35.524 25.407 21.632 15.633
16 44.049 35.755 26.688 28.232 24.328
17 47.245 39.618 28.011 20.029 20.721
18 42.327 30.459 30.115 29.076 17.599
19 41.159 36.307 28.222 25.708 18.730
20 45.634 35.842 32.707 23.460 22.258
¯̂
iτ 43.695 34.3012 28.903 23.7081 19.4257

Sτ̂i
2.3495 2.693 2.3793 2.9313 3.098
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A classical Bayesian Approach

The problem to solve

yij | β,bi ,Σi ∼ N
(

xTij (τi )β + zTij (τi )bi ,Σi

)
Level 1

bi | D ∼ Nq (0 , D) Level 2

τi ∼ π (γ) Level 3

Σi ∼ π
(
σ2, ρ

)
, β ∼ π (β) and D ∼ π (D) , Priors

γ ∼ π (γ0, γ1) , ψ2 ∼ π
(
ψ2
)

(11)
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Conclusions

The adapted algorithm allows to estimate a global maximum
more than a local maximum which is one the main advantages
of Evolutionary Algorithms.

The change points associated to the real data set are quite
precise according to the subject-specific profile.

Conferencia: Avances Seminario Institucional UN



 

Introduction
Problem statement

Objectives
Background

Parametric approach
Conclusions & Commitments

Bibliography

The results from the real data set generate new questions
about the utility of this change points and its behaviour on
large samples.

In the illustration with real data, we observed that this
approach could permit to predict, in a plausible and precise
way, the change point given a specific value for the thickness.
From a practical point of view, this prediction process allows
to reduces both storage time and storage expenses.
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Remarks

This proposal has not been developed by any author before,
according to the literature review.

Computational problems to optimize the objective function
have arisen almost all time during this researching, we had to
check the convergence to the original values in the simulation
process and parallelizing most of the routines executed on R.

We have used three different servers (OpenSuse, Apolo,
RStudio Server) to execute faster the routines and the
optimization process.
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Thank you
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Questions
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