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The problem of calibration estimation I

• Let UN = {1, . . . , N} be a finite survey population.

• Assume that there is a survey variable Yi, i ∈ UN .

The goal: Estimate the finite population mean

µY = N−1
∑

i∈UN

Yi,

based on a sample a ⊂ UN of n elements.

• The unbiased Horvitz-Thompson −HT− estimator:

µ̂HT
Y = N−1

∑

i∈a

πi
−1Yi = N−1

∑

i∈a

diYi, πi = P(i ∈ a).

• The HT estimator has low precision due to bad sample selection,

• The inference can be improved modifying the weights di = π−1
i .



The problem of calibration estimation II
• A method can be conducted by incorporating auxiliary information

Xi ∈ R
q, i ∈ UN , q ≥ 1, (Deville and Särndal (1992)).

Sources of auxiliary information:

X Census data

X Administrative registers

X Previous surveys

• Calibration estimation: modify the weights of µ̂HT
Y by new weights

wi close enough to di’s according to some distance D(w, d), s.t.

N−1
∑

i∈a

wiXi = µX = N−1
∑

i∈UN

Xi (Calibration equation).

• The weights wi generally result in estimates with smaller variance.

• The calibration estimator of µY is given by

µ̂Y = N−1
∑

i∈a

ŵiYi.



Functional calibration estimation

Our aim: Calibration estimation for µY , where Y (t) ∈ C([0, T ]) using

functional information X(t) ∈ C
(

[0, T ] ;Rq
)

.

• The functional calibration constraint:

N−1
∑

i∈a

wi(t)Xi(t) = µX(t) = N−1
∑

i∈UN

Xi(t), ∀t ∈ [0, T ] .

• wi(t) are obtained by matching the calibration estimation with the

maximum entropy on the mean principle.

• Example (Chaouch and Goga (2012)): Estimation of the mean

electricity consumption (every 30 min.) during the 2nd week using

the consumption in the 1st week as auxiliary information of 18902

meters sending electricity consumption for two weeks.



Maximum entropy on the mean −MEM− principle I

• Proposed by Navaza (1985, 1986) to solve an inverse problem in

crystallography.

• It is an alternative to the Tikhonov’s regularization of ill-posed

inverse problems.

• Maximum entropy solutions provide a simple and natural way to

incorporate constraints on the solution.

• Let be the linear inverse problem

y = Kx,

where K : X → Y is a known bounded linear operator.

• The MEM considers x as the expectation of a r.v. X, such that

y = KEν(X),

where ν is an unknown probability measure.



Maximum entropy on the mean −MEM− principle II

• The solution: x̂ = Eν∗(X), where ν∗ maximizes the entropy

S(ν ‖ υ) = −D(ν ‖ υ), subject to y = KEν(X),

where D(ν ‖ υ) is the Kullback-Leibler divergence,

D(ν ‖ υ) =

{

∫

log
(

dν
dυ

)

dν if ν ≪ υ

+∞ otherwise,

• The MEM principle focuses on reconstructing a measure ν∗ that

maxS(ν ‖ υ) between a feasible finite measure ν w.r.t. a given

measure υ subject to a linear constraint.



Reconstruction of ν∗ I

• ν∗ is rebuilt by the random measure method for infinite dimensional

inverse problems (Gzyl and Velásquez (2011)).

• The calibration constraint is expressed as an infinite-dimensional

linear inverse problem, writing wi(t) as

wi(t) =

∫ 1

0
K(s, t)̟i (s) ds+ di for each i ∈ a,

where K(s, t) is a kernel function, ̟i = Eν [Wi (s)] and W is a

stochastic process.



Reconstruction of ν∗ II

• The inverse problem takes the form of a Fredholm integral equation

of the first kind,

Eν [KW] = Eν

{

∑

i∈a

[
∫ 1

0
K(s, t)dWi (s) + di

]

Xi(t)

}

=

∫ 1

0

∑

i∈a

K(s, t)Xi(t)̟i (s) ds+
∑

i∈a

diXi(t)

= NµX(t)

• The functions ̟∗
i (s) that solve Eν [KW] = NµX(t) are obtained

by considering ̟i (s) as a density of a measure

dWi (s) = ̟i (s) ds, i ∈ a.



The main theorem
Theorem (Csiszár (1984)). Let υ be a prior p.m., λ = λ(t) a measure

in the class M (C [0, 1] ;Rq), and V = {ν ≪ υ : Zυ(λ) < +∞}, where

Zυ(λ) = Eυ [exp {〈λ,KW〉}], with

〈λ,KW〉 =

∫ 1

0
λ⊤(dt)

(

∫ 1

0

∑

i∈a

K(s, t)Xi(t)dWi(s) +
∑

i∈a

diXi(t)

)

.

Then, there exists a unique p.m.

ν∗ = argmax
ν∈V

S(ν ‖ υ) subject to Eν [KW] = NµX(t),

which is achieved at

dν∗/dυ = Z−1
υ (λ∗) exp {〈λ∗,KW〉} ,

where λ∗(t) minimizes the functional

Hυ(λ) = logZυ(λ)− 〈λ, NµX〉.



Our results

Lemma 1. Let υ be a prior centered stationary Gaussian measure on
(

C([0, 1]),B(C([0, 1]))
)

, and λ(t) ∈ M (C [0, 1]q). Then,

ŵi(t) =
∫ 1
0 K(s, t)̟∗(s)ds+ di, i ∈ a, where

̟∗(s) =
∑

i′∈a

∫ 1

0
K(s, t′)X⊤

i′ (t
′)λ∗(dt′).

Lemma 2. Let Wi(s) =
∑N(s)

k=1 ξik be a compound Poisson process,

where N(s) is a Poisson process on [0, 1] with parameter γ > 0, and

ξik, k ≥ 1 are i.i.d. r.v.’s for each i ∈ a with distribution u independent

of N(s). Then, ŵi(t) =
∫ 1
0 K(s, t)̟∗

i (s)ds+ di, i ∈ a, where

̟∗
i (s) =

∫

R

ξi exp

{

∑

i∈a

∫ 1

0
K(s, t)ξiX

⊤
i (t)λ

∗(dt)

}

u (dξi) .



Simulation study I

Yi(t) = α(t) +Xi(t)
⊤β(t) + εi(t), i ∈ UN ,

where

• α(t) = 1.2 + 2.3 cos (2πt) + 4.2 sin (2πt),

• β(t) = (β1(t), β2(t))
⊤ β1(t) = cos (10t) and β2(t) = t sin (15t),

• εi(t)
i.i.d.
∼N

(

0, σ2
ε(1 + t)

)

with σ2
ε = 0.1, independent of Xi(t).

• Xi(t) = (Xi1(t),Xi2(t))
⊤

, where Xi1(t) = Ui1 + f1(t) and

Xi2(t) = Ui2 + f2(t) with f1(t) = 3 sin(3πt+ 3),

f2(t) = − cos(πt), Ui1
i.i.d.
∼ U [−1, 1.3] and Ui2

i.i.d.
∼ U [−0.5, 0.5].

• Uniform fixed-size sampling design sample a ∈ UN of n = 0.12N
elements without replacement, with N = 1000.

• K(t, s) = exp
{

− |t− s|2 /2σ2
}

with σ2 = 0.5.

• For the compound Poisson case ξi
i.i.d.
∼ U [−1, 1], and γ = 1.



Simulation study II

Table : Bias-variance decomposition of MSE

Functional estimator MSE Bias2 Variance

Horvitz-Thompson 0.2391 0.0005 0.2386

MEM (Gaussian) 0.2001 0.0006 0.1995

MEM (Poisson) 0.2333 0.0084 0.2249
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Zυ(λ) = exp

{

Eυ [〈λ,KW〉] +
1

2
Varυ [〈λ,KW〉]

}

=

exp







∑

i∈a

di

∫ 1

0
λ⊤(dt)Xi(t) +

1

2

∫ 1

0

(

∑

i∈a

∫ 1

0
K(s, t)λ⊤(dt)Xi(t)

)2

ds







due to Eυ [dWi (s)] = 0, and Varυ [dWi (s)] = ds, i ∈ a.



Hυ(λ) = logZυ(λ)− 〈λ, NµX〉 =

1

2

∫ 1

0

(

∑

i∈a

∫ 1

0
K(s, t)λ⊤(dt)X i(t)

)(

∑

i′∈a

∫ 1

0
K(s, t′)λ⊤(dt′)Xi′(t

′)

)

ds

+

∫ 1

0
λ⊤(dt)

(

∑

i∈a

diXi(t)−NµX(t)

)

.

λ∗(dt) that minimizes Hυ(λ) is given by

∑

i∈a

∑

i′∈a

∫ 1

0

∫ 1

0
K(s, t)K(s, t′)Xi(t)X

⊤
i′ (t

′)λ∗(dt′)ds+
∑

i∈a

diXi(t) = NµX

which can be rewritten as

∑

i∈a

[

∫ 1

0
K(s, t)

(

∑

i′∈a

∫ 1

0
K(s, t′)X⊤

i′ (t
′)λ∗(dt′)

)

ds+ di

]

Xi(t) = NµX(



mi ((a, b]) , Wi(b)−Wi(a) =

N(b)
∑

k=N(a)+1

ξik.

By the Lévy-Khintchine formula for Lévy processes, the m.g.f. of

W(s) is

Eυ [exp {〈α,W(s)〉}] = exp

{

sγ

∫

Rn

(

e〈α,ξk〉 − 1
)

u (dξk)

}

, α ∈ R
n,

Eυ [exp {〈g(s),dWi〉}] = exp

{

γ

∫ 1

0
ds

∫

R

(exp {g (s) ξi} − 1) u (dξi)

}

.

〈λ,KW〉

=

∫ 1

0
λ⊤(dt)

∫ 1

0

∑

i∈a

K(s, t)Xi(t)dWi(s) +

∫ 1

0
λ⊤(dt)

∑

i∈a

diXi(t)

where g(s) =
∫ 1
0 λ⊤(dt)

∑

i∈aK(s, t)X i(t).



Zυ(λ)

= exp

{

γ

∫ 1

0
ds

∫

R

(exp {g (s) ξi} − 1) u (dξi) +

〈

λ,
∑

i∈a

diXi(t)

〉}

Hυ(λ)

= γ

∫ 1

0
ds

∫

R

(

exp

{

∫ 1

0
λ⊤(dt)

∑

i∈a

K(s, t)ξiXi(t)

}

− 1

)

u (dξi)

+

∫ 1

0
λ⊤(dt)

(

∑

i∈a

diXi(t)−NµX(t)

)

.

∑

i∈a

[

∫ 1

0
K(s, t)

(

∫

R

ξi exp

{

∑

i∈a

∫ 1

0
K(s, t)ξiX

⊤
i (t)λ

∗(dt)

}

u (dξi)

)

ds

+di]Xi(t) = NµX(t)
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