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Benford’s Law  -  La Ley de Benford
==============================================================================
As a statistician, can you detect fraud in one of these companies? Does anything look suspicious?   Como un experto en estadística, se puede detectar el fraude en una de estas empresas?  
 ¿Algo se ve sospechoso aquí? These sets are revenue (ingresos) data:
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PAGE  2
YES! If we examine the first digits on the left side of each number, one company here looks very suspicious! The digit on the left-most side “leads” the entire number, and all the other digits “follow” it. It is the most significant digit because it represents the biggest quantity!

First Leading Digit 
613                ------>       613                 ------>   digit 6 
0.0002867    ------>   0.0002867        ------>   digit 2 
 7                    ------>        7                    ------>   digit 7 
-7                    ------>       -7                   ------>   digit 7 
1,653,832     ------>    1,653,832         ------>   digit 1 
8006               ------>      8006               ------>   digit 8 
0.450              ------>       0.450             ------>   digit 4 
-5000              ------>     -5000              ------>  digit 5 
2030               ------>       2030              ------>   digit 2 

MF Capital looks suspicious, because it has 1st digit configuration DIFFERENT than all the other companies!
MF Capital has nearly digital equality. But everybody else favors low digits (1, 2, 3} and where high digits {7, 8, 9} are rare  –  that is: digital inequality.
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The Tax Office (autoridad tributaria - ministerio de hacienda) is suspicious about MF Capital because they know that accounting data has very uneven and unequal digit configuration. They know that low digits {1, 2, 3} are much more frequent, and that high digits {7, 8, 9} are rare. They know about Benford’s Law! Ellos saben sobre La Ley de Benford!
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Earthquake, Pulsar, River, Temperature, and Disease Data are Benford

[image: ]
Geological and Celestial Data that are Benford
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Data Sets Aggregation as a Prominent Cause of Benford’s Law

Data set A: {2.7,  3.1,  5.5}
Data set B: {1.6,  4.7,  4.9,  6.0,  8.5}
Data set C: {3.5,  3.9,  6.3,  7.0,  8.9,  9.8,  12.3}
Data set D: {1.4,  4.2,  7.1,  7.5,  12.5,  16.8,  19.9,  20.4,  27.3}
Data set E: {2.8,  4.8,  5.4,  5.9,  6.6,  13.3,  17.5,  27.7,  29.0,  33.3,  36.8}
Data set F: {1.8,  3.7, 8.8, 9.0, 11.1, 16.4, 17.9, 18.8, 23.3, 29.1, 39.2, 45.8, 75.5}
Separately, each of the six data sets surely is not even remotely near Benford, yet when merged into a singular data set, digital configuration is nearly logarithmic!
Data Set A-F: {1.4, 1.6, 1.8, 2.7, 2.8, 3.1, 3.5, 3.7, 3.9, 4.2, 4.7, 4.8, 4.9, 5.4, 5.5, 5.9, 6.0, 6.3, 6.6, 7.0, 7.1, 7.5, 8.5, 8.8, 8.9, 9.0, 9.8, 11.1, 12.3, 12.5, 13.3, 16.4, 16.8, 17.5, 17.9, 18.8, 19.9, 20.4, 23.3, 27.3, 27.7, 29.0, 29.1, 33.3, 36.8, 39.2, 45.8, 75.5}
Calculating 1st digits distribution for the combined data set above we get:
Data Set A-F:     {27.1, 16.7, 14.6, 10.4,  6.3,  6.3,  8.3,  6.3,  4.2}
Benford’s Law:  {30.1, 17.6, 12.5,   9.7,  7.9,  6.7,  5.8,  5.1,  4.6}
==========================================================================================================================
TYPICAL ADDRESS DATA ( house # ):
{1,2,3,4,5,6,7,8,9,10,11,12,13,14}  -  for Maple Street
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18} – for Cherry Street 
{1,2,3,4,5,6} – for Allen Street, which is the shortest street in town
{1,2, 3,4,5,6,7,8,9,10} – for West Street
{1,2,3,4,5,6,  …  , 58, 59, 60} – for Main Street, which is the longest street in town
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Mechanism or structure leading and contributing to Benford behavior:
(1)   Lower Bounds (LB) of all intervals are united in starting at 0, or 1, or another low value.
(2)   Upper Bounds (UB) of intervals are randomly spread, with a variety of distinct values.
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A combination [aggregation] of many Uniform distributions, all with parameter a = 1, but with gradually increasing parameter b.
For example:         Uniform(1, 5) + Uniform(1, 6)  + Uniform(1, 7) + Uniform(1, 8) + Uniform(1, 9) + Uniform(1, 10) + Uniform(1, 11)
Chain of distributions vista for the address data:
UNIFORM(  fixed parameter a,  random distribution for b )
Uniform( 1,  Uniform(5, 11) )
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CHAINS OF DISTRIBUTIONS
CADENAS DE DISTRIBUCIONES
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Uniform( 0,  Uniform(0, 10) )
Digits: {24.1,  18.3,  14.5,  11.7,  9.5,  7.6,  6.0,  4.7,  3.4}
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Uniform(0, Uniform(0, Uniform(0, Uniform(0, 10))))
Digits: {31.3,  17.5,  12.0,   9.5,  7.8,  6.2,  5.9,  5.1,  4.7}
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Conservative, orthodox, & rigid point of view: 
“Parameters must be constant, fixed, as was always practiced in statistics for centuries! It is wrong, shocking, scandalous, and forbidden to utilize random variables for them! This is statistical heresy (herejía)!”
Liberal, revolutionary, & flexible point of view:
“The old approach is not sufficient. There are certain data types and random processes that are best described via chains of distributions where parameters themselves are random and uncertain. We must keep an open mind!”
Caballeros, por favor, les ruego que no inicien una guerra civil en el departamento de estadística por mi culpa!
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Pyramid-Like Arrangement of Distributions Forming a Chain
1st Conjecture:      Infinite chain of distributions is Benford
2nd Conjecture:        AnyDensity(AnyBenford) is Benford  
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f(x) = Probability Density Function of x
Probability( First Digit is 7 ) =  f(x) dx over all sub-intervals where digit 7 dominates 1st digital place. Namely, we need to definite-integrate [and sum] the probability density function f(x) over the sub-intervals:
…  , (0.07, 0.08), (0.7, 0.8), (7, 8), (70, 80), (700, 800), (7000, 8000), ….
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
In General:  for any digit d (and for N integral values):


Assume pdf = f(x) = k / x on [10M, 10M+N], M and N integers.
[image: ]
 k/x dx =1 thus k[ln(10M+N) - ln(10M)] = 1, so k[(M+N)ln10 - (M)ln10] = 1    so that   k*[N*ln10] =1,  namely that    k = 1/[N*ln10] .
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Considering any digit D, the probability that D leads is given by the sum of the various definite integrals:
k[ln((D+1)10M) - ln(D10M)]    +  
 k[ln((D+1)10M + 1) - ln(D10M + 1)] +  …  N times  …  + 
 k[ln((D+1)10M + N - 1) - ln(D10M + N - 1)]     or:

k[ln(D+1) +            M*ln(10) - ln(D) -            M*ln(10)] +
k[ln(D+1) +     (M+1)*ln(10) - ln(D) -     (M+1)*ln(10)] + …  N times  …   + 
k[ln(D+1) + (N+M-1)*ln(10) - ln(D) - (N+M-1)*ln(10)]    

Canceling out like terms (not involving D) we are left with:

k[ln(D+1) - ln(D)] + k[ln(D+1) - ln(D)] +  …  (N times)  ...  +  k[ln(D+1) - ln(D)] =
k*ln[(D+1)/(D)] + k*ln[(D+1)/(D)]+ …  (N times)  ...  +  k*ln[(D+1)/(D)] =
N*k*ln[(D+1)/(D)]

Substituting here the expression for k above we obtain: 
N*(1/[N*ln10])*ln[(D+1)/(D)] = ln[(D+1)/D]/ln10.
This expression uses the natural logarithm base e. 
Applying the logarithmic identity LOGAX = LOGBX / LOGBA (twice) to convert this ratio to the common logarithm base 10 yields:
LOG10[(D+1)/D]/LOG10[e]  / LOG10[10]/ LOG10[e] 
LOG10[(D+1)/D]/LOG10[e]  / ( 1 /  LOG10[e]  )
LOG10[(D+1)/D]  = LOG10[(D/D+1/D]  
LOG10[1+1/D]  =  Benford’s Law!
PAGE  11
A Hidden Inner Digital Signature within Benford’s Digital Signature
Una Firma digital Interna ocultada dentro de la Firma Digital de Benford
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 Time between 2012 Worldwide 19,452 Earthquakes Data
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Earthauake| ™ Pulsars River Global Global
DIGIT Depth | Between | Rotation | Lengths |Temperature | Infectious
Earthquakes | Frequency | (Canada) | Anomalies | Diseases
1 316 291 339 215 277 337
2 16.9 172 207 174 19.4 167
3 140 126 127 146 127 132
4 87 10.0 76 1538 124 107
5 70 82 53 95 89 73
6 74 69 50 63 54 54
7 53 59 49 63 66 46
8 46 52 a7 54 43 54
9 44 46 49 38 28 33
Data points: | 248,915 | 2,258,653 | 1,861 158 1,527 987
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Geomag | Geomagnetic| SSSMP | Whole | Whole Earth |  Fermi
DIGIT Tl | Revarsts | Wavespeed |  Mantie Shear | Telescope
(SW-Pacific) | Wavespeed | Anisotropy |Ray Fluxes|

1 289 323 300 320 307 303

2 177 19.4 176 174 146 179

3 133 139 133 124 1.0 13.0

4 94 138 98 9.1 93 99

5 81 53 79 73 86 76

6 69 43 64 65 76 70

7 64 32 56 59 69 52

8 54 54 49 49 6.0 52

9 45 43 45 46 53 27

Data points: | 36,512 93 423,776 10,000 20,544 1,451
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Digit 1 13 157 44.0 98.6
Digit 2 12 5 10.2 147 235 14
Digit 3 18.8 9.8 134 141 0.0
Digit 4 8.6 10.2 114 75

Digit 5 133 11.0 101 49

Digit 6 10.2 126 9.6 25

Digit 7 121 95 18

Digit 8 10.2 8.5 1.0

Digit 9 127 71 0.6

# of Data points: 128 1250 8234 9741 72

% Overall Data 0.7% 64% 423% 501% 04%
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Alcoa | Amgen | Motorola | MF Capital| Xerox
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Digit| Alcoa | Amgen | Motorola | MF Capital] Xerox
1 40% 36% 32% 8% 28%
2 16% 12% 20% 16% 20%
3 8% 20% 20% 12% 0%
4 12% 4% 4% 12% 16%
5 4% 8% 8% 12% 16%
6 8% 8% 4% 12% 12%
7 0% 8% 4% 12% 0%
8 8% 0% 8% 8% 0%
9 4% 4% 0% 8% 8%
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Probability[ Ist digitisd] = LOG(1 + 1/d)





